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We systematically study quantum effect on chiral and UA(1) symmetry breaking under external
electromagnetic fields in the frame of equal-time Wigner function formalism. We derive the transport
and constraint equations for the quark distribution functions and the chiral and pion condensates in
a Nambu–Jona-Lasinio model. By taking semi-classical expansion of the equations, chiral symmetry
is broken at classical level, while UA(1) symmetry breaking happens only at quantum level. Beyond
quasi-particle approximation, the quark off-shell effect leads to strong oscillation for the chiral and
pion condensates.
In the chiral limit with zero current quark mass, the Lagrangian density of the quantum chromodynamics (QCD)
respects the symmetry of UL(3) × UR(3) = UV (1) × UA(1) × SUL(3) × SUR(3) at classical level. However, the
quark-antiquark condensate 〈ψ¯ψ〉 spontaneously breaks the SUL(3)× SUR(3) symmetry, and the UA(1) symmetry is
broken by the quantum anomaly due to the nontrivial topology of the principal bundle of gauge field [1, 2]. Chiral
symmetry breaking leads to a rich meson and baryon spectrum, and as a supplement the UA(1) anomaly explains the
nondegeneracy of η and η′ mesons [3–5].
Like temperature and chemical potential, strong electromagnetic fields provide another way to change the QCD
symmetries. For chiral symmetry, lattice simulations and effective model calculations show that, the magnetic field
enhances the chiral symmetry breaking in vacuum which is called magnetic catalysis but reduces the critical tem-
perature of the symmetry restoration which is called inverse magnetic catalysis [6–21]. As a gauge field, the parallel
electromagnetic fields can also break down the UA(1) symmetry [22, 23], characterized by the pseudoscalar condensate
〈ψ¯iγ5τ3ψ〉 via the electromagnetic triangle anomaly process pi0 → 2γ.
In laboratories, the electromagnetic fields which are strong enough to modify the QCD properties can be formed
only in the beginning of high energy nuclear collisions [24–26]. Since the fields are created by the spectators of the
collisions, they can be considered as external or classical fields for the parton motion in the fireball. Considering
that the parton system in the initial stage is in nonequilibrium state, the interaction between the partons and the
electromagnetic fields should be described in the frame of a kinetic theory. Recently, a quantum kinetic equation to
describe the chiral fermion motion in electromagnetic fields is developed via different methods and applied to heavy
ion collisions [27–31]. In this paper, we study the out-of-equilibrium UA(1) symmetry breaking in electromagnetic
fields and its relation to the chiral symmetry breaking in the frame of Wigner function formalism [32–35].
We effectively describe the quantum anomaly induced UA(1) symmetry breaking and spontaneous chiral symmetry
breaking in a Nambu–Jona-Lasinio (NJL) model [36] at quark level [37–41] with scalar and pseudoscalar interaction
channels. The Lagrangian density of the two-flavor model in electromagnetic fields is
L = ψ¯ (iγµDµ −m0)ψ +G
3∑
a=0
[(
ψ¯τaψ
)2
+
(
ψ¯iγ5τaψ
)2]
, (1)
where the covariant derivative Dµ = ∂µ + iQAµ couples the quark field ψ with electric charge Q = diag(Qu, Qd) =
diag(2/3e,−1/3e) to the electromagnetic fields Aµ, G is the four-fermion coupling constant, and τa are the Pauli
matrices in flavor space. In the chiral limit with vanishing current quark mass m0 = 0 and vanishing electromagnetic
fields, the Lagrangian density is with symmetry UV (1)×UA(1)×SUL(2)×SUR(2). For the chiral symmetry SUL(2)×
SUR(2), it is explicitly broken down to UL(1) × UR(1) by the electromagnetic fields, and the rest of the symmetry
UL(1) × UR(1) is then spontaneously broken by the chiral condensate σ = 2G〈ψ¯ψ〉. For the UA(1) symmetry, it is
spontaneously broken by the neutral pion condensate pi = 2G〈ψ¯iγ5τ3ψ〉. The chiral and UA(1) symmetry breaking
in electromagnetic fields in the NJL model was investigated in the case of thermal equilibrium [19, 22]. We study
here the out-of-equilibrium evolution of the symmetries. As the isospin-singlet neutral pseudo-scalar η meson (more
precisely, the two-flavor counterpart of the η meson) has the same quantum numbers as pi0 meson except for isospin,
one can expect that η would also condensate via the electromagnetic chiral anomaly. Similarly, there should be not
only the isospin-singlet condensate σ but also the isospin-triplet condensate a3, when the electromagnetic fields are
turned on. In thermal equilibrium case, the properties of these condensates induced by electromagnetic chiral anomaly
were investigated in the NJL model [23]. Here we focus on the non-equilibrium neutral pion condensate and neglect
the η and η′ mesons.
The covariant quark Wigner function W (x, p) is the ensemble average of the Wigner operator which is the four-
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2dimensional Fourier transform of the covariant density matrix [42],
W (x, p) =
∫
d4yeipy〈ψ(x+)e
iQ
∫ 1
2
− 1
2
dsA(x+sy)y
ψ¯(x−)〉 (2)
with x± = x ± y/2, where the exponential function of the electromagnetic fields guarantees the gauge invariance of
the Wigner function. Note that, when the gauge fields are external fields, the gauge link in the Wigner function can
be taken out from the ensemble average. We restrict ourselves to the kinetic equations for the Wigner function in
the mean field approximation, by replacing the field operators ψ¯ψ and ψ¯iγ5τaψ by their mean values. Such a Hartree
approximation has so far been used in most applications of quantum transport theory. Under the assumption of
external electromagnetic fields, the Dirac equation for the quark field ψ is written as,
[iγµDµ − (m0 − σ) + iγ5τ3pi]ψ(x) = 0. (3)
Calculating the first-order derivatives of the covariant density matrix in the Wigner function with respect to x and y
and using the Dirac equation, one obtains the covariant kinetic equation
(γµKµ + γ5τ3K5 −M)W (x, p) = 0 (4)
with the electromagnetic, scalar and pseudoscalar operators
Kµ = Πµ +
ih¯
2
Dµ,
K5 = Π5 +
ih¯
2
D5,
M = M1 + iM2,
Πµ = pµ − iQh¯
∫ 1/2
−1/2
dssFµν(x− ih¯s∂p)∂νp ,
Dµ = ∂µ −Q
∫ 1/2
−1/2
dsFµν(x− ih¯s∂p)∂νp ,
Π5 = sin
(
h¯
2
∂x∂p
)
pi(x),
D5 = cos
(
h¯
2
∂x∂p
)
pi(x),
M1 = m0 − cos
(
h¯
2
∂x∂p
)
σ(x),
M2 = sin
(
h¯
2
∂x∂p
)
σ(x) (5)
with the electromagnetic tensor Fµν(x) = ∂µAν(x) − ∂νAµ(x). We have explicitly shown the h¯-dependence in order
to be able to discuss the semiclassical expansion of the kinetic equation in the following. While the kinetic equation
(4) and the operators (5) here are similar to what derived in Ref.[43], σ and pi are independent external parameters
there like the external electromagnetic field Aµ but expressed in terms of the quark Wigner function here,
σ(x) = G
∫
d4p
(2pi)4
TrW (x, p),
pi(x) = G
∫
d4p
(2pi)4
Tr [iγ5W (x, p)] . (6)
Therefore, from the solution of the kinetic equation we can self-consistently obtain the dynamical evolution of the two
order parameters, see the following.
The Wigner function in spinor QED is a complex 4× 4 matrix in Dirac space. Vasak, Gyulassy and Elze discussed
its spin decomposition and derived a set of coupled equations for the spin components [44]. Considering the flavor
dependent interaction in the NJL model (1), the Wigner function W (x, p) here is defined in Dirac space and flavor
space, and we should do its spin and isospin decomposition,
W =
∑
q=u,d
τq
8
[
Fq + iγ5Pq + γµV
µ
q + γ5γµA
µ
q +
σµν
2
Sµνq
]
, (7)
3where the matrices τq in flavor space are defined as τu = diag(1, 0) and τd = diag(0, 1). The components Γiq =
{Fq, Pq, V µq , Aµq , Sµνq } are real functions and can thus be interpreted as physical phase-space densities. Substituting
the decomposition (7) into the kinetic equation (4), the equations for the components can be divided into two groups.
One contains the constraint equations which are the extension of the classical on-shell condition, and the other contains
the transport equations which are the extension of the classical Boltzmann equation [44, 45].
In comparison with the covariant formalism of a relativistic kinetic theory, the equal-time formalism [43, 45–48]
can be solved as a well defined initial value problem, especially when the particles are not on the shell. It is thus
conveniently used in quantum many body systems. The equal-time Wigner function W(x,p) and its spin and isospin
decomposition are defined as
W =
∫
dp0Wγ0
=
∑
q=u,d
τq
8
[
fqV + γ5f
q
PV − iγ0γ5fqP + γ0fqS + γ5γ0γ · gqPV + γ0γ · gqV − iγ · gqT0 − γ5γ · gqT
]
, (8)
where the components fS , fP , fV ,gV , fPV ,gPV ,gT0 and gT correspond respectively to the scalar, pseudoscalar, vector,
pseudovector and tensor channels of the interaction. Performing an energy average of the two groups of covariant
kinetic equations, we obtain the transport equations,
h¯(Dqf
q
V + Dq · gqV ) + 2m2fqS − 2piq5fqP = 0,
h¯(Dqf
q
PV + Dq · gqPV ) + 2m1fqP − 2dq5fqS = 0,
h¯Dqf
q
P − 2Πq · gqT − 2m1fqPV − 2piq5fqV = 0,
h¯Dqf
q
S − 2Πq · gqT0 + 2m2fqV + 2dq5fqPV = 0,
h¯(Dqg
q
PV + Dqf
q
PV )− 2Πq × gqV + 2m2gqT − 2piq5gqT0 = 0,
h¯(Dqg
q
V + Dqf
q
V )− 2Πq × gqPV + 2m1gqT0 + 2dq5gqT = 0,
h¯(Dqg
q
T0 −Dq × gqT ) + 2ΠqfqS − 2m1gqV − 2piq5gqPV = 0,
h¯(Dqg
q
T + Dq × gqT0) + 2ΠqfqP − 2m2gqPV − 2dq5gqV = 0 (9)
and the constraint equations,
F ′q = h¯Dq · gqT0/2−ΠqfqS + piq5fqPV +m1fqV ,
P ′q = h¯Dq · gqT /2−ΠqfqP + dq5fqV +m2fqPV ,
V ′0q = Πq · gqV −ΠqfqV + dq5fqP +m1fqS ,
A′0q = −Πq · gqPV + ΠqfqPV − piq5fqS +m2fqP ,
V′q = h¯Dq × gqPV /2 + ΠqfqV −ΠqgqV + piq5gqT +m2gqT0,
A′q = h¯Dq × gqV /2−ΠqfqPV + ΠqgqPV − dq5gqT0 +m1gqT ,
S′0iqei = −h¯DqfqS/2−Πq × gqT −ΠqgqT0 + dq5gqPV +m2gqV ,
S′jkq
ijkei = h¯Dqf
q
P − 2Πq × gqT0 + 2ΠqgqT + 2piq5gqV + 2m1gqPV (10)
for the equal-time spin and isospin components, where Γ′iq(x,p) =
∫
dp0p0Γiq(x, p) are the first-order energy average
of the covariant components Γiq, and the equal-time operators are defined as
Πq = iQqh¯
∫ 1/2
−1/2
dssE(t,x + ish¯∇p) · ∇p,
Πq = p− iQqh¯
∫ 1/2
−1/2
dssB(t,x + ish¯∇p)×∇p,
Dq = ∂t +Qq
∫ 1/2
−1/2
dsE(t,x + ish¯∇p) · ∇p,
Dq = ∇+Qq
∫ 1/2
−1/2
dsB(t,x + ish¯∇p)×∇p,
piq5 = sgn(Qq) sin(
h¯
2
∇ · ∇p)pi(x),
4dq5 = sgn(Qq) cos(
h¯
2
∇ · ∇p)pi(x),
m1 = m0 − cos( h¯
2
∇ · ∇p)σ(x),
m2 = sin(
h¯
2
∇ · ∇p)σ(x). (11)
We have directly used the electromagnetic fields E(x) and B(x) instead of the tensor Fµν(x).
Explicitly doing the p0-integration on the right-hand side of the relations (6) gives the chiral and pion condensates
σ and pi in terms of the equal-time components fqP and f
q
S ,
σ(x) = G
∫
d3p
(2pi)3
[
fuS (x,p) + f
d
S(x,p)
]
,
pi(x) = −G
∫
d3p
(2pi)3
[
fuP (x,p)− fdP (x,p)
]
. (12)
The explicit h¯-dependence of the equal-time transport and constraint equations (9) and (10) and the operators (11)
helps us to make semi-classical expansion in the equal-time kinetic theory to see clearly the quantum effect order by
order. Let us first solve the equations in classical limit h¯ → 0. In this case, quarks behave as quasiparticles with
positive and negative energies p0 = ±Ep and any spin and isospin component includes a positive and a negative energy
part, fqi = f
q+
i +f
q−
i and g
q
i = g
q+
i +g
q−
i with i = 0, 1, 2, 3. From the constraint equations (10) at the zeroth order in
h¯, we can fix the quark energy shell Ep =
√
m2 + p2 with dynamic quark mass m2 = (m0−σ)2 +pi2 generated by the
chiral symmetry breaking and UA(1) symmetry breaking, and obtain the relations among the classical components,
fq±PV = ±
p
Ep
· gq±PV ,
fq±P = ±
sgn(Qq)pi
Ep
fq±V ,
fq±S = ±
m0 − σ
Ep
fq±V ,
gq±V = ±
p
Ep
fq±V ,
gq±T0 =
p× gq±PV + sgn(Qq)pigq±T
m0 − σ ,
gq±T = ∓
1
Epm2
[
E2p(m0 − σ)gq±PV − (m0 − σ)(p · gq±PV )p∓ sgn(Qq)Eppip× gq±PV
]
. (13)
These relations greatly simplify the calculation of the equai-time Wigner function: There are only two independent
distributions fV and gPV , and all the others can be expressed in terms of the two. Note that, the on-shell condition
and classical relations come from the constraint equations (10). If one considers the classical limit of the transport
equations (9), one derives only a part of the relations and fails to obtain the on-shell condition. By calculating the
physical densities of the system like charge, energy, momentum and angular momentum, we can establish the physical
meaning of the components [46]. For instance, fV is the charge density, fS the mass density, gPV the spin density,
and gV the current density.
We now integrate the second and third classical relations for fP and fS over momentum. By using the expressions
(12) for the condensates, the two order parameters pi and σ are controlled by the gap equations
pi = 0, (14)
m
1 + 2G∫ d3p
(2pi)3
∑
q=u,d
fq+V − fq−V
Ep
−m0 = 0,
where the quark mass is reduced to m = m0−σ. The above solution means that, at classical level the chiral symmetry
after explicit breaking UL(1)×UR(1) is spontaneously broken but the UA(1) symmetry is protected. Note that, when
we consider a homogeneous system with thermal equilibrium distribution functions fq±V , the gap equation for the
chiral condensate is exactly the same as the usually used one at finite temperature [49].
5From the h¯-structure of the transport equations (9), the linear equations in h¯ govern the dynamical evolution of
the classical Wigner function. With the help of the classical relations (13), we obtain the transport equations for the
two independent distributions, the number density fq±V and spin density g
q±
PV ,(
Dq ± p
Ep
·Dq ∓ ∇m
2 · ∇p
2Ep
)
fq±V = 0, (15)(
Dq ± p
Ep
·Dq ∓ ∇m
2 · ∇p
2Ep
)
gq±PV =
Qq
E2p
[
p× (E× gq±PV )∓ EpB× gq±PV ]− 12E2pm2 (∂tm2p± Ep∇m2)× (p× gq±PV )
with the reduced operators Dq = ∂t + QqE(x) · ∇p and Dq = ∇ + QqB(x) × ∇p. The first equation for the quark
number density is the Boltzmann equation with a mean field force F = −∇m2/(2Ep), and the second one describes the
quark spin evolution including interaction with the electromagnetic fields on the right hand side. The spin equation
is the phase-space version of a generalized Bargmann-Michel-Telegdi (BMT) equation [50].
The transport equations (9) to the first order in h¯ determine not only the transport equations for the classical
distributions fV and g0 but also the first order quantum correction to the pion condensate,
pi(1) =
G
2m0
∫
d3p
(2pi)3
∑
q=u,d
Qq [(B×∇p) · gqPV + E · ∇pfqPV ] (16)
with classical components fPV and gPV . Taking into account the classical relation between fPV and gPV , the first
order quantum correction comes from the quark spin. While it is difficult to analytically solve the transport equation
for the quark spin in general case, we can obtain a solution under the assumption of constant electromagnetic fields,
gq±PV =
Qq
m2
(
∓B + p
Ep
×E
)
. (17)
With this solution we obtain the explicit dependence of the the pion condensate on the electromagnetic fields,
pi(1) = − G
2m0m2
(
Q2u −Q2d
) ∫ d3p
(2pi)3
2E2p +m
2
E3p
E ·B
= − G
4pi2m0
(
Q2u −Q2d
) Λ3
m2
√
Λ2 +m2
E ·B, (18)
where Λ is the momentum cutoff in the model [49]. This result is consistent with that obtained in the frame of finite
temperature field theory [22]. What we want to emphasize here is the quantum effect: Only after considering the
quantum correction induced by quark spin, the pion condensate becomes nonzero and UA(1) symmetry is broken.
The first-order quantum correction to the pion condensate is still in the frame of quasiparticles with mass m
determined by the gap equation (14). What is the higher order quantum correction, and what is the full quantum
effect on the UA(1) symmetry breaking? In general case with off-shell effect, all the spin and isospin components f
q
i
and gqi are independent, and we have to solve the full transport equations (9). As a simple example, we consider the
following problem. In high energy nuclear collisions, the strong electromagnetic fields exist only in the very beginning
and decay very fast [24–26]. In this case, a natural question is that, if the pion condensate is generated in the beginning
via quark spin interaction with the electromagnetic fields, what is its dynamical evolution when the electromagnetic
fields disappear? If it vanishes immediately, one cannot explicitly see its effect in the final state distributions. If not,
one can directly measure its effect in the final state. This problem is manifested as the following transport equations
∂tf
q
V = 0,
∂tf
q
PV + 2(m0 − σ)fqP − 2sgn(Qq)pifqS = 0,
∂tf
q
P − 2p · gqT − 2(m0 − σ)fqPV = 0,
∂tf
q
S − 2p · gqT0 + 2sgn(Qq)pifqPV = 0,
∂tg
q
PV − 2p× gqV = 0,
∂tg
q
V − 2p× gqPV + 2(m0 − σ)gqT0 + 2sgn(Qq)pigqT = 0,
∂tg
q
T0 + 2pf
q
S − 2(m0 − σ)gqV = 0,
∂tg
q
T + 2pf
q
P − 2sgn(Qq)pigqV = 0 (19)
plus a nontrivial initial condition of nonzero pion condensate. To simplify the transport equations, we have neglected
the space dependence of the Wigner function and considered only its time evolution. To be specific, we take the
6initial condition −σ(t0) = pi(t0) = 100 MeV which then determine the initial components fP and fS . The other initial
components are controlled by the relations (13). The NJL model parameters are chosen as Λ = 650 MeV and m0 = 5
MeV [49].
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FIG. 1: The time evolution of chiral condensate σ(t) (dashed line) and pion condensate pi(t) (solid line).
The time evolution of the condensates σ(t) and pi(t) is shown in Fig.1. In classical limit, the two transport equations
(15) together with the relations (13) gives trivial solution of the chiral and pion condensates: σ(t) = σ(t0) and pi(t) = 0
for t > t0. The chiral condensate does not change when the electromagnetic fields disappear at t0, while the pion
condensate suddenly drops down at t0 from the initial nonzero value to zero. In quantum case, the multi couplings
among all the components shown in (19) result in strong and long-lived σ and pi oscillations around their classical
values. This shows that, when the off-shell effect is taken into account, the multi couplings lead to a significant
memory effect on the evolution of the pion condensate: It does not immediately drop down to zero and keep zero
during the evolution, but continuously decreases in the early stage and then strongly oscillates around zero.
In summary, we investigated, in the frame of equal-time Wigner function formalism, the quantum dynamical
evolution of chiral and UA(1) symmetry breaking under electromagnetic fields. In a Nambu–Jona-Lasinio model we
derived the equal-time transport and constraint equations which determine the quark distributions and the chiral and
pion condensates. By taking semi-classical expansion of the equations, we analyzed the quantum effect order by order.
In classical limit, while chiral symmetry is spontaneously broken, the UA(1) symmetry is protected. The first order
quantum correction to the UA(1) symmetry breaking comes from the quark spin interaction with electromagnetic
fields. Beyond the quasiparticle approximation, the multi couplings among all the distribution functions lead to a
significant memory effect which generates strong and long-lived oscillations for the chiral and pion condensates.
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